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Byousk T. Hanpy:keHHsl B KOMIO3UTAX M Yac HarpiBanHs

IIpocropoBi 3anaui Teopii NPYKHOCTI 4AaCTO BUHHMKAIOTH IIiJi 4ac BUPILIEHHS Pi3HUX TE€XHIUYHMX 1 TEXHOJOTIYHUX
po0JIeM Cy4acHOTO BUPOOHHIITBA, 30KpEeMa ITiJ] yac MoOyJ0BU KOMITIO3UTHHX MATEpialiB Ta €JIEeMEHTIB KOHCTPYKIIiH.

IToBeniHKY KOHCTPYKTHBHHX MarepiajiB MOKHAa BHBYATH Ha TPHOX CTPYKTYPHUX pIBHSAX: MakKpo-, MIKpo- i
aToMapHoMy. Y OyIiBeNbHIM MeXaHilll MOHATTS CYLIJIBHOTO CEpeJOBHINA JIOPEUHE TiIBKM Ha MiKpopiBHI. BpaxyBaHH:
BIUIUBY HEOJHODIJHOCTI MaTepiady Ha I[bOMY piBHI IpU aHaNi3i MaKpOHANpPYXeHb CYTTEBO 3aJE€XUTh Bl PO3MIpY
KOHCTPYKIII.

3ayBa>1<eHo, 1o l'[i}:[ gac CTBOPCHHSA KOMIIO3UTHHUX MaTCpiaJ'[iB BKJIFOYCHH, SIKI BUHUKAIOTh y ManI/II_Ii, CYTTEBO
BIUIMBAIOTh HAa HAMPYXEHO-IePOPMIBHUI CTaH KOMIIO3HMTY 3arajoM 3a pi3HUX MEXaHIYHHX YM TCIUIOBHX HABAHTaXKCHb.
JlocsATHEHHsSI KOMIIOHEHTAMH HATPYXEeHb €KCTPEMallbHUX 3HAYCHb HA MEXIi po3aily (a3 00yMOBJICHO B OJHHX BHIIaJKaX
TEXHOJIOTIE€I0 BUPOOHUIITBA, & B IHIIKUX — HEOHOPIHICTh YBOIUTHCS JIJIS TOKpAIaHHsI MIITHOCTI MaTepiaiy.

JlocikeHHs IPOCTOPOBUX 3aJayd CTATUYHOI TEOpii MPYXKHOCTI 1 TEPMONPY>KHOCTI JJIs1 OTHOPITHUX 130TPOIHUX Ta
aHiSOTpOHHI/IX Ti y 3arajibHil l'[OCTaHOBI_Ii [I0OB’si3aHe 3 ICTOTHMMH MaTeMaTHYHHMU TpyAHOIIaMU Y€pe3 CKIaAHY
mo0yJ0BY PO3B’S3KY CUCTEMH NU(EpEHIiaJbHUX PIBHSIHb Y YACTHHHUX MOXiTHUX, SKUH 33/I0BOJIbHSE IPAaHUYHI YMOBH.

OpHuM i3 eeKTHMBHHUX METOJMIB PO3B’A3KYy 3amad Teopii mpyxHocTi € meron Dyp’e, skl TPYHTYEThCS Ha
MPEJCTABJICHHI 3arajJbHUX PO3B’S3KIB PIBHSAHb PIBHOBArd uepe3 MOTEHIlanbHI (GyHKIIl. OcoOJIMBICTIO 3aCTOCYBaHHS
MeToay Pyp’e € BUKOPHCTaHHS Pi3HUX MPEJCTaBICHb PO3B 3Ky piBHAHB JlamMe yepe3 rapMoHiuHi QyHKIII, IO Ja€ 3MOTy
LIYKaTH PO3B 30K y BUIIISAL psdiB. PO3risHyTO 3a1a4y Mpo po3MOALT TEPMOHANPYKEHb HEOOMEKEHOTO TPAHCBEPCAILHO-
130TPOIHOTO CEePEJOBUIIA, SIKE MICTUTh aHI30TPOINHE, BiAHOCHO MEXaHIYHMX 1 TEIUIOBHX BJIACTHBOCTEH, BKIIOYECHHS Y
¢dopmi ctucHyTOrO Chepoina 3a piIBHOMIPHOTO HArpiBY.

JloBesieHO, 1O 3a PIBHOMIPHOTrO HATPiBY CepeloBHIIA T° =CZ HATIPY)KCHHS Ha MOBEPXHi BKIIOUCHHS MAIOTh
JIOKJIbHUH XapakTep K y370BXk oci X, Tak i B310Bxk oci Z. KoHIleHTpallis Halpy»XeHb HIBUKO 3racae Mij yac BiIaICHHS
Bi,H HOBerHi BKIIFOYCHHSA, IPAMYIOYU 10 HYJIBOBOI'O 3HAYCHHA.

KiouoBi ciioBa: noreHuianbHi (GyHKIIT, TpaHCBEPCANbHO-130TPOINIHE CEPENIOBUIIE, HeifjealbHUIH KOHTAKT, chepoin,
HOJIS HAIIPYXEHb 1 TEPMOHATIPYKEHb.

Bubniak T. Tension in composites during heating

Spatial problems in the theory of elasticity often arise when solving various technical and technological problems in
modern production. This is especially true when building composite materials and structural elements.

The behaviour of structural materials can be studied at three structural levels: macro-, micro-, and atomic level. In
construction mechanics, the concept of continuous medium only has meaning at the micro level. The analysis of
macrostresses significantly depends on the size of the structure itself, and consideration of the effect of material
heterogeneity at this level.

When creating composite materials, the inclusions that appear in the matrix significantly affect the stress-strain state
of the composite as a whole under various mechanical or thermal loads. The stress components can reach extreme values at
the interface of phases in some cases due to the production technology, and in others, heterogeneity is introduced to
improve the strength of the material.

The study of spatial problems of the static theory of elasticity and thermoelasticity for homogeneous isotropic and
anisotropic bodies in the general formulation is associated with great mathematical difficulties due to the complexity of
constructing a solution of a system of partial differential equations that satisfies the boundary conditions.

One effective method of solving problems of elasticity theory is the Fourier method. This method is based on the
representation of general solutions of equilibrium equations through potential functions. The Fourier method uses different
representations of the solution of the Lamé equations through harmonic functions, which allows the search for a solution in
the form of series.

The paper discusses the problem of the distribution of thermal stresses in an unbounded transversely isotropic
medium, which contains anisotropic inclusions in the form of a compressed spheroid with uniform heating, relative to
mechanical and thermal properties.

The conducted studies show that with uniform heating of the medium, the stresses on the inclusion surface are local
both along the X-axis and along the Z-axis. The tension concentration decreases rapidly when departing from the inclusion
surface and approaches to zero value.
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IlocranoBka mnpodJjemu. Ilpocroposi
3a/1a4i Teopii MPY>KHOCTI YaCTO BUHUKAIOTH IIiJ] 4ac
BHpIIICHHS PI3HUX TEXHIYHUX 1 TEXHOJOTIYHHX
mpo0JieM CydacHOro BUPOOHUIITBA, 30KpeMa IIiJ
gac TOOYyIOBH KOMIIO3UTHUX MaTepialiB  Ta
€JIEMEHTIB KOHCTPYKITiH.

[ToBeniHKy KOHCTPYKTHBHHX MaTepiajiB
MOJKHAa BHBYATH Ha TPHOX CTPYKTYPHHUX PIBHIX:

Makpo-, MIKpo- 1 aromapHoMy. Y OymiBeNIbHIN
MEXaHilll TOHATTS  CYLIIBHOTO  CEpelIOBHINA
JOLIHE TUIBKM Ha MIKpOpiBHI. BpaxyBaHHS

BIUIMBY HEOJHOPIHOCTI MaTepiany Ha I[bOMY PiBHI
MJ 4Yac aHajily MaKpOHANPYXEeHb CYTTEBO
3aJIeKHUTh Bil pO3Mipy KOHCTPYKIii. I3 po3BUTKOM 1
BIIPOBADKCHHSIM HOBUX KOHCTPYKI[IHHHUX Mare-
piawmiB Tpeba BMITH OIIIHIOBaTH IXHI MIIHICHI
BJIACTHBOCTI 3a Pi3HUX BUIB HABAHTAXKCHHSI.

Ilig yac CTBOpPEHHS KOMITO3MTHHX MarTe-
piayiB BKJIIOYEHHS, 10 BHUHHUKAIOTh y MATPHIII,
CYTTEBO BIUIMBAIOTh Ha HANpyKeHO-ae(popMiBHHN
CTaH KOMIIO3HUTY 3arajioM 3a Pi3HMX MEXaHIYHHX
YM TEIUIOBHX HaBaHTaKeHb. JIOCATHEHHS KOM-
MMOHEHTaMH HAINpPY)XeHb EKCTPEMaJbHUX 3HAUCHD
Ha MexXi po3airy ¢a3 oOyMOBIEHO B OJHHX
BHITaJKaX TEXHOJIOTIEI0 BUPOOHHWIITBA, & B IHIIHX
HEOJTHOPIAHICT,  YBOAMTHCA JUIA  TOKpAIaHHS
MIITHOCTI MaTepiany.

AHaniz ocTaHHiX gocaikeHb i myo-
gikamiid. JlocmipkeHHS TPOCTOPOBUX 3ajad CTa-
TUYHOI Teopil MPYXKHOCTI 1 TEPMOIPY>KHOCTI TS
OJTHOPIJTHUX 130TPOIHUX Ta aHI30TPOIHHX T Y
3arajibHiil [MOCTAHOBLI IMOB’A3aHE 3 BEIUKUMU
MaTeMaTUYHUMH TPYAHOLIAMHM 4€pe3 CKIagHy
MoOyIOBY PO3B’S3KY CHCTEMH Iu(epeHIliaTbHIX

PIBHSHb y YaCTWHHUX TIOXIIHHUX, SKUH 3aj10-
BOJIbHSIE TPAHUYHI YMOBH.

OnauM 13 eEeKTUBHUX METOJIB PO3B’sA3KY
3amady Teopii mpyxHocTi € Mmerox Dyp’e, gkuit
IPYHTYETbCS  HA  TPEACTAaBICHHI  3arajJbHUX
PO3B’S3KiB PIBHSAHDb PIBHOBArW 4epe3 MOTCHITIATbHI
¢yHKmil. OcoOJMBICTIO 3aCTOCYBaHHS METOIY
®dyp’e € BUKOPHUCTAHHS PI3HUX IIPEICTaBICHb
pO3B’s3Ky piBHAHb Jlame depe3 TapMOHIYHI
(GyHKII], MO J1a€ 3MOry IIyKaTH pO3B 30K Yy
BUIJIAAI pPsiiB. BaxiuBi pe3ynbTaTd B LbOMY
HampsiMi oTpumadi y mparsx B.T. I'piHueHka,
®. Jl. Koanenka, }0. M. Konsao, B. JI. Pradoga,
I.O. Morosunosus, K.B. Consnik-Kpacca,
4. C. Ilinctpurana, FO. M. Iloninbuyka Ta Oara-
THOX IHINHUX, B SIKHX MOOYIOBaHI TOYHI PO3B’SI3KH
IIPOCTOPOBUX 3ajau Teopii MPY>KHOCTI 1 cTaTU4HOL
TEPMOIIPYKHOCTI 'y chepuuHiil, IUIIHIPUYHIH,
chepoinanbHii, mapadoIivHINA Ta HITUX CHCTEMax
KOOPIUHAT.

IlocTanoBka 3aBaanHs. Hame 3aBmannsa
PO3TIIHYTH 3ajady Wpo PO3MOII TepMo-
HaTPYXEeHb HEOOMEKEHOT0 TPAHCBEPCAIBLHO-130T-
POITHOTO CepeloBUINa, K& MICTHTh aHI30TPOITHE
BIZIHOCHO MEXAHIYHMUX 1 TEIUIOBUX BJIACTUBOCTEH
BKJIIIOUEHHA y ¢opmi cTHCHYTOro cdepoiga 3a
PIBHOMIpHOTO HarpiBy.

Bukian ocuoBHoro martepiany. OnHum i3
e(peKTUBHUX METOIB PO3B’SI3yBaHHSI IPOCTOPOBUX
3amady Teopii mpyxHocTi € Mmeron Dyp’e, sAxkul
MOJIATAE Y TIPEICTaBICHHI 3arajbHOTO PO3B’SI3KY
piBHSHD piBHOBaru dYepes3 MOTEHIHaIbHI (QyHKIIT

[1].

Po3rnsHeMo cucTeMy piBHSHB 33/1a4i CTATUYHOI TEPMOIPY>KHOCTI 32 BiICYTHOCTI MACOBHX CHIL:
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o°T o1 _, 07T
2 + 2 +B 2
ox~ oy oz

ne Gy, B, B, B" — crani, mo xapakTepU3yrOTh MEXaHIUHi Ta TEIUIOBI BIACTUBOCTI Tila.

:0’

Po3B’s130k piBHSHB (1) npu AIHCHUX PI3HUX KOPEHAX XapaKTEPUCTUYHOTO PIBHSIHHS BUPAKAETHCS Uepe3
YOTUPH NOTeHLiaNbHi QyHKii [1; 2]:

ov, o0, ov, 0, |, _ 0B, o0, 0D, 3O,

U=—"1+—2+ + : :
ox  OX oy OX é’y oy OX oy @
w =k 2y 0Py O
OX oy 0z
1i byHKIIIT 3210BOJTBHSAIOTH YMOBH
2 2 2 - 2
62+8 +v 18 ®, =0, (j=14), 00, =Kk,T, .(3)
o2 oy’ ar? o7’
ne vy = ﬂ , Vv,=p",aBenuunnu V;, V, — KOpeHi BiANOBIIHOTO XapaKTepPUCTHIHOTO PIBHAHHS [3].
C1—Cp

ITix gac po3B’si3yBaHHS MPOCTOPOBUX 3a4ad Teopii MPYKHOCTI 31 ChepoigaTbHUMHU BKIIOUEHHIMH, 30KpeMa
TyT, 3pyd4HO 3acTOCOBYBaTM CHCTEMH KOOpAMHAT Juii cTUcHyToro cdepoima [2] (M j,61-,(p):

X=a;chn;sin0; cos g, y=a;chn;sin0;sing, z=);a;shn;cosb, pu qoMy
(0<n; <o, 0<6;<m, 0<o<2m).
Beezemo nosnagenns: Chn; = (), shn; :q_j, cos0; = p;,sind, =p_j, chn ;o =04, shn;, :%.

Ha rpannuniii nosepxHi cdepoina (1; =1, = CONSt ) BAKOHYIOTHCS PIBHOCTI

a0y = a0, = &304, xlalalo = kza“zazo = ksasaso’

110 3a0€31euyIoTh 30ir IPAaHUYHUX [TOBEPXOHB.

[losHaunMo Temmeparypy, MNpPYXKHI XapaKTEpPUCTHKH, Koe(illieHTH JiHiifHOro po3umpeHH$1 i
! ! ’ !
yol, o, A A

TeIUIONPOBIHOCTI TPaHCBEPCAIbHO-I30TPOMHOTO cepeosuma 1., C; , o, o, A\ auepes T'

1 |J 1 1 Ij
— BIAINOBIAH1 XapaKTECPUCTHUKHU BKIKOUCHHS. ]1.]'[5{ 1A€aJIbHOIO TCIJIOBOTO KOHTAKTY T = T ' . 3a A1l

0 . .
Temmneparypu 1= B Cepe,E[OBI/IH.Il BUHUKAIOTh IIEPEMIIIEHHS

T%x, v°=T%y, w°=T%,2, ... 4)
ne d, = C13(20C,5 +®,Cy3) —0C34 (G +Cyp) .d, = 20Cy5(Cyy +Cyp) —(Cyy +Cp)(20C,; + 0y 33)
2073 — Cy5(Cyy +C1p) 2073 — Cy5(Cyy +C1p)
st ineanbHOrO KOHTAKTY MA€EMO IpaHMYHi YMOBH Ha MOBEPXH (1); =1;):
oyn; =oyn;, UT)+Uq=U T°+U . ©)
[IpumycTuMo, 1110 NMepeMilieHHs Y BKIIOYSHHI MalOTh TEX JiHIHHUN XapakTep
U=AT'x, V'=AT'y, W=CT,z, (6)

e Ai, Cl — IIOKH 1110 HEBIJOMI BEJIUYNHU.
Bpaxosyroun dopmynu (4-6), oTpuMaeMo MepeMilllcHHs Ha MOBEPXHI cdepoina MmpH T0JATKOBOMY
HaIpPY>XEHOMY CTaHi

=—(A _dl)Thqu'oPl(l)(pj)Cos(P ;
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W, =(C,—d,)T'4,a,q,,R (p;).

VY BKJIFOYCHHI TOJaTKOBUI HANIPY>KEHUH CTaH OMUCYETHCS MEPEMIlICHHIMHA

- 3 R0 (p,)QL 13, ) 050

J

v, =28 po(p )0l (i3 )sing: @®)
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]

Wi = l (p)Ql(lq)“’ j=12; i?=-1.
1" 2a. 4 z

Hegizomi emmunan a0 (j =1, 2) sHaxomimo i3 cucteMu piBHsHb

2
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AHaNITHYHI pO3paxyHKU Jar0Th KOMIIOHEHTH HANpY>KEHb Y CEPeAOBHILI 0111 BKIIOUCHHS, B30BX OCl Z

(6, =0):

(1)
Cis Cy+GCps 0
0,=0,= ¥ Sk - 225 || quig) - |2,
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AHaJIOriuHO HANPYKeHHs B310BK oci X (0; = 90°, ¢@=0°:
Z (J)
C,—0, = ( —Cp)
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(i) k. 1 _
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—12 J j j

(i) k.
G, = Z_OQ ('q )| C 33_J_C13 .
j=1, 2 Vj

UYncnoBi po3paxyHKH 3po0JIeHi UTs MaTepiatiB i3 TaKMMH MPYXHUMH 1 TETIIIOBUMH XapaKTePHCTHKAMH:
TPaHCBEPCAIbHO-130TPOIIHE CEPEIOBHUILE

¢, =597;¢c,=2,62;c, =2,17;c,; =6,17;A =61,06; A, =80,84; . =5,0; a0, =3,5;
TpaHCBEPCATBHO-130TPOITHE BKJIIOUEHHS

¢/, =12,1;c], = 4,8L;c), =4,42;C}, =513, = 66,96; 1 =78,0;a’ = 27,0; 0, =34

XapakTep KOHIIGHTpalii HOpMaJbHUX, MEPUIIATBPHUX 1 KPYTOBHX HANPYXEHb Y3IOBX Oci X MOXHa

nobauuTh Ha puc. 1. Ha puc. 2 300paskeHO po3ImoIit HapyKeHb Y3I0BXK OCi Z.
BucHoBku. IlpoBeneHi DOCTiKCHHS CBi):['{aTL r[po Te, IJ.IO 32 PIBHOMIPHOTO HArpiBy CepeaoBHINA

‘4 y

2 W2
a b
XapakTep sIK y3IOBXK oci X, Tak 1 B3moBx oci Z. KoHIleHTpallis Hanpy>KeHb MIBUIKO 3racae MpH BiIJaIeHH] Bij
MOBEPXHi BKIIOUEHHSI, IPSIMYIOYH 10 HYJIHOBOTO 3HAUCHHSI.

T’=cz HAIpPY)XEHHS Ha TIOBEPXHI BKJIIOUCHHS =1 (a=b=4,c=2) wmaiors noxanbuuii
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