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Byousik T., Cemepak B., [lonomapenko O., borau M., Boaina T. IIpo Hanpy:KeHHsI B KOMIIO3UTaX NPH
HarpiBaHHi

TIpocTopoBi 3amaui Teopii MPYKHOCTI YACTO BUHHMKAIOTh MPHU BHPINICHHI PI3HUX TEXHIYHUX 1 TEXHOJOTIUHHX
po0JIeM Cy4acHOTO BUPOOHHIITBA, 30KpeMa MpH o0y 10BI KOMIIO3UTHUX MaTepiajiB Ta eJIEMEHTIB KOHCTPYKIIH.

TToBeniHKy KOHCTPYKTHBHHX MarepialiB MOXXKHA BHBUATH Ha TPbOX CTPYKTYPHHX PIBHSAX: Makpo-, MIKpo- i
aToMapHOMYy. Y OyniBesibHiM MexaHilli HOHSTTS CyLIIBHOTO CEpelOBHINA Mae 3MICT TiNbKUM Ha MiKpopiBHi. BpaxyBaHH:
BIUTMBY HEOJHOPIIHOCTI MaTepially Ha IIbOMY PIBHI IPH aHali3i MaKpOHANpPYXEHb CYTTEBO 3aJICKHTh Bifl PO3MIpy camoi
KOHCTPYKIIi.

3 PO3BUTKOM 1 BIPOBaIXKECHHSIM HOBHX KOHCTPYKIIMHUX MaTepialiB BUHUKAa€ HEOOXiIHICTh BMITH OLIHIOBaTH IX
MIIHICHI BIIACTHBOCTI MPU Pi3HUX BU/IaX HABAHTAKCHHSI.

Ilpy CTBOpEHHI KOMIIO3MTHHX MatepialiB BKJIIOYCHHS, 10 BHHHMKAIOTh Y MATPHIl, CYTTE€BO BIUIMBAIOTH Ha
HaTpYKeHO-IeOPMIBHUI CTaH KOMIIO3UTY B LIJIOMY PH Pi3HUX MEXaHIYHHUX Y TEIUIOBUX HABAHTAXKCHHSIX.

JloCSITHEHHST KOMIIOHEHTaMU HAIPY>KeHb EKCTpPEeMalbHUX 3HAUeHb Ha MEXI po3aily (a3 3yMOBJIEHE B OJHHX
BHUIIA/IKaX TEXHOJIOT1€I0 BUPOOHUIITBA, & B IHIIMX — HEOAHOPIAHICTH BBOAMTHLCS 3 METOIO TIOKPAI[AHHS MIIIHOCTI MaTepiay.

JlocmikeHHS IPOCTOPOBUX 3a7ad CTaTUIHOI Teopil NPy KHOCTI i TEPMOMIPYKHOCTI A1 OAHOPITHUX i30TPOIHUX Ta
aHI30TPOITHMX TiJ y 3arajbHii MOCTAaHOBI MOB’s3aHe 3 BETMKAMH MAaTEMaTHIHHMH TPYTHOILAMH Yepe3 CKIAAHICT MO0y I0BH
PO3B’SI3Ky cuCTeMH AUGepeHIiaIbHUX PIBHAHb Y YACTUHHUX MOX1JHUX, KU 3aJJ0BOJIBHSE TPAHHYHI YMOBHU.

OmarM 3 e(peKTHBHHX METOMIB pPO3B’A3KYy 3amad Teopii mpyxHOCcTi € Meron Dyp’e, skuil OazyeTbcs Ha
IIPE/ICTABIEHHI 3arajlbHUX PO3B’S3KiB PiBHAHb PIBHOBArd 4epe3 MoTeHuianbHi GyHKIil. OCOOIMBICTIO 3aCTOCYBAaHHS METOLY
®dyp’e € BUKOPHUCTAaHHS PI3HHUX NPEICTaBIeHb PO3B’SI3KY PiBHAHB Jlame depe3 rapMOHIUHI (QYHKLII, IO JO3BOJSE IIyKATH
PO3B’SI30K Y BUIVISAL PAAIB.

Baxnusi pe3ynbTaty B 11bOMY HamnpsiMi oTpuMani B po6otax FO. M. Konsno, 5. C. Iligcrpuraua, 0. M. Tloginsuyka
Ta 0araTbox iHIIMX, B SIKUX MOOYAOBAHI TOUHI PO3B’ 3K MPOCTOPOBUX 3a7ad TEOPii IPYKHOCTI 1 CTATHYHOT TEPMOIPYKHOCTI
y chepuuHii, IUTHIPUYHIN, chepoinanbHii, mapaboTiuHii Ta IHIIUX CUCTeMaX KOOPIHHAT.

VY poboti po3rasmaeTbes 3aaaya Mpo PO3MOALT TEPMOHANPYKEHb HEOOMEKEHOrO TPaHCBEPCATBHO-i30TPOITHOTO
CepeIOBHINA, SIKE MICTHTh aHI30TPOITHE, BIIHOCHO MEXaHIYHMX 1 TEIUIOBHX BJIACTMBOCTEH BKJIIOUCHHS y (OPMi CTHCHYTOTO
c(epoina npu piBHOMIpHOMY Harpisi.

Ipu po3B’si3yBaHHI MPOCTOPOBHX 3a1a4 TEOPil MPY>KHOCTI 31 chepoiTanbHIMHU BKIIOYEHHIMHE, 30KpeMa TYT, 3pY4IHO
KOPHUCTYBAaTHCh CHCTEMaMH KOOPAUHAT ISl CTUCHYTOTO cdepoina.

TIpoBeeHi TOCIIIDKCHHS CBIaTh MPO Te, IO MPH PIBHOMIDHOMY HArpiBi cepeoBuma T° = CZ HANPYKEHHS HA
MIOBEPXHi BKIIOYEHHS MAIOTh JIOKAIBHUH XapakTep sK Y3IOBX oci X, Tak i B3A0BXk oci Z. KoHIleHTpanis Hanpys>KeHb MIBUAKO
3racae TpH BiAJaJIeHH] BiJl NOBEPXHI BKIFOUCHHS, IPSMYIOUH J0 HYJIHOBOTO 3HAUCHHSI.

Kuio4oBi cioBa: moreHmianbHi QyHKII, TpaHCBEpCAILHO-130TPOIIHE CEPEIOBUILE, HEineanbHNI KOHTAKT, cdepoin,
TIOJISL HATIPYIKEHb 1 TEPMOHATIPYKEHb.

Bubniak T., Semerak V., Ponomarenko O., Bohach M., Volina T. On tension in composites under heating

Spatial problems of the theory of elasticity often arise when solving various technical and technological problems of
modern production, in particular when building composite materials and structural elements.

The behavior of structural materials can be studied at three structural levels: macro-, micro-, and atomic level. In
construction mechanics, the concept of continuous medium is essential only at the micro level. Consideration of the effect of
material heterogeneity at this level in the analysis of macrostresses significantly depends on the size of the structure itself.

Development and introduction of new structural materials require evaluating their strength properties under various
types of load.
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When creating composite materials, the inclusions that appear in the matrix significantly affect the stress-strain state
of the composite as a whole under various mechanical or thermal loads.

The achievement of extreme values by stress components at the interface of phases is due to the production
technology in some cases, and, heterogeneity in others. It is introduced to improve the strength of the material.

The study of spatial problems of the static theory of elasticity and thermoelasticity for homogeneous isotropic and
anisotropic bodies in the general formulation is associated with great mathematical difficulties caused by the complexity of
constructing a solution of a system of partial differential equations that satisfies the boundary conditions.

One of the effective methods of solving problems of elasticity theory is the Fourier method, which is based on the
representation of general solutions of equilibrium equations through potential functions. A feature of the Fourier method is the
use of different representations of the solution of the Lamé equations through harmonic functions, which allows searching for
a solution in the form of a series.

In this direction, important results were presented in the works of Yu. M. Koliano, Ya. S. Pidstryhach, Yu. M.
Podilchuk and many others, in which exact solutions of spatial problems of the theory of elasticity and static thermoelasticity
in spherical, cylindrical, spheroidal, parabolic and other coordinate systems are constructed.

The paper considers the problem of distribution of thermal stresses in an unbounded transversely isotropic medium,
which contains anisotropic inclusions in the form of a compressed spheroid with uniform heating, relative to mechanical and
thermal properties.

When solving spatial problems of the theory of elasticity with spheroidal inclusions, it is convenient to use
coordinate systems for a compressed spheroid.

The conducted studies show that with uniform heating of the medium, the stresses on the inclusion surface are local
both along the X axis and along the Z axis.

Key words : potential functions, transversally isotropic medium, imperfect contact, spheroid, field of pressure.

IMocTanoBka nmpodaemu. [Ipoctoposi 3amadi PIBHSHb Y YaCTUHHHX ITOXITHHUX, SIKUH 3aJI0BOJILHSE
Teopii MPY>KHOCTI YacTO BHHUKAIOTH IPHU BHUPIIICHHI rpaHu4Hi yMOBH [9].
PI3HHX TEXHIYHHUX 1 TEXHOJIOTIYHHX IPOOJeM cyda- OaauM 3 e(EeKTUBHUX METOJIB PO3B’S3KY
CHOT'O BHPOOHHMIITBA, 30KpeMa MpH MMOOyI0BI KOMITO- 3aJ1a4 Teopii MpyXKHOCTI € Meton Dyp’e, skuii 6aszy-
3UTHUX MaTepialiB Ta eIEMEHTIB KOHCTPYKIIi. €ThCSI Ha TPEACTaBICHHI 3arallbHUX PO3B’S3KiB
IloBeniHKy KOHCTPYKTHBHHUX MaTepiaiiB Mo- piBHSHb pIBHOBard depe3 MOTEHI[AIbHI (DYHKIII.
JKHa BUBYATH Ha TPHOX CTPYKTYPHHX PIiBHAX: MaKpo-, OcobmuBicTiO 3acTocyBaHHS MeTony Dyp’e € BHKO-
MiKpo- 1 aroMapHoMy. Y OyniBenbHill MexaHini PHUCTaHHS PI3HUX NPEICTABICHb PO3B’A3KY PIBHIHb
MOHSTTS CYLIJIBHOTO CEPEZOBHUINA Ma€ 3MICT TUIbBKU Jlame wuepe3 rapMoHiuHI (YHKII, LIO0 JO3BOJISIE
Ha MIKpopiBHI. BpaxyBaHHS BIUTMBY HEOIHOPIIHOCTI IIyKaTH PO3B’SI30K y BUTIAL psimiB [10].
MaTepialy Ha LbOMY PiBHI IpH aHaJi3i MaKpOHar- BaxnuBi pesyiapTaTM B IbOMY HaIpsMi
PYXEHb CYTTE€BO 3aJeKHUThb BiJl PpO3Mipy camoi orpuMani B poborax 1O. M. Komsno, . C.
KOHCTPYKIIii. Migcrpurawa, FO. M. Iloginmpuyka Ta  GaraTpox
3 PO3BHTKOM 1 BIPOBAKCHHSIM HOBUX KOHC- IHIIMX, B SIKAX TOOYJIOBaHI TOYHI PO3B’SI3KH TPOC-
TPYKIIITHUX MaTepiaiB BUHUKA€ HEOOXiTHICTh YMITH TOPOBHUX 3a/1a4 T€Opii MPYKHOCTI 1 CTaTUYHOI TepMO-
OIIHIOBATH iX MIIHICHI BJIACTHBOCTI TPH PIi3HHX NPYXHOCTI  y  chepuuHiil, IWIHAPUIHIA, cde-
BHJIaX HaBaHTAXXCHHS [6]. poinanbHii, mapaOoiYHIi Ta IHITUX CHCTEMaX Koop-
IIpu cTBOpeHHI KOMITO3UTHHX MaTepiajiB JIUHaT.
BKJIFOUEHHS, 1[0 BUHUKAIOTh Yy MAaTPHIli, CYTTE€BO BII-
TUBAIOTh HA HANpyXKeHO-Ie(QOpMIBHHN CTaH KOM- [ocranoBka 3aBoamHs. Y poOoTi po3r-
MO3UTY B IIJIOMY NPH Pi3HUX MEXaHIYHUX YU TeIl- JSIMAETBCSL 3ajada PO PO3MOIUT TEPMOHANPYKCHb
JIOBUX HABAHTA)KCHHSX. HEOOMEXKEHOT0 TPaHCBEPCAITBHO-130TPOMHOTO  cepe-
JlocsTHEeHHST KOMIIOHCHTaMH  HAIPYXXCHb JOBUINA, K€ MICTUTH aHI30TPOIIHE, BITHOCHO MeXa-
eKCTpeMabHUX 3HAUCHb HAa MEXi po3finy (a3 3ymo- HIYHUX 1 TEIUIOBUX BIIACTUBOCTEH BKIIIOYEHHS Y
BJICHE B OJHUX BUIIAKaX TEXHOJIOTI€I0 BUPOOHHUIITBA, ¢dopmi cTucHyTOTO cdepoina Npu pPIBHOMIPHOMY
a B IHIIMX — HEOJHOPITHICTH BBOAUTHCI 3 METOIO HAarpiBi.

MOKpAIaHHs MIIIHOCTI MaTepiaiy.
Buxaag ocHoBHoro marepiany. OgHum 3

Anani3z OCTaHHIX AOCTiIKeHb i e(PEKTHBHUX METOMIB PO3B’SI3yBaHHSI MPOCTOPOBUX
nyOaikamiii. JloCmiKeHHS TMPOCTOPOBHX  3ajad 3ajad Teopii mpyxkHocTi € Meron dyp’e, KA MONS-
CTaTUYHOI Teopii MPY>KHOCTI 1 TEPMONPY>KHOCTI JIJIst ra€e y mpeacTaBJICHHI 3arabHOTO PO3B’S3KY PIBHSHB
OTHOPIZHMX i30TPOMHMX Ta AaHI30TPONHUX Tl Yy piBHOBaru uepes MOTeHIiabHI QyHKIT [6].
3arajpHii TOCTAHOBLI TIOB’S3aHE 3  BEIUKUMU PosrnsiHeMo cucteMy piBHSHB 3amadi CTaTH-
MaTeMaTHYHUMHU TPYAHOIIAMH Yepe3 CKIIAJHICTh T0- YHOI TEPMOTPYKHOCTI 3a BiJICYTHOCTI MAacCOBHUX CHII
OyZIOoBH PO3B’S3KYy CHUCTeMH jaudepeHIiaIbHux 10 3a0€3MeUyr0Th 301KHICTh TPAHHYHUX TTOBEPXOHb.
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Po3B’s130k piBHAHB (1) mpu AIMCHUX Pi3HUX KOPEHSIX XapaKTEPUCTUYHOTO PIBHSAHHS BUPAXKAETHCSA uepes
YOTHUPHU MOTEHIiaTbHI QyHKiT [6; 9]:

yo 0P 0P, 00y 00, 0P, 0P, 0P 00,
ox  ox oy  ox o oy ox oy’ .
w =k oy Pz OPe

o° 0 0’ . — 0D,
o o HVige | Pi=0 (=14, =k, )
ox- oy oz oz’
2(:44 d . . .
e vy , Vy =B , @ BEIUYUHU V;, V, — KOPEH1 BIATIOBIAHOTO XapaKTEPUCTHYHOIO PIBHIHHS

Cu—Cp
[10].

IIpu po3B’si3yBaHHI MPOCTOPOBUX 3alad TEOPii MPYKHOCTI 31 chepoinalbHUMK BKITFOUCHHIMH, 30KpeMa

TyT, 3pY4HO KOPHCTYBATHCh CHCTEMaMM KOOpPIMHAT st crucHytoro cdepoima [9; 10] (n j,e J-,(p) :

X=a,;chn; sin6; cos @, y=a,chn; sin0; sin¢@, z=);a;shn;cos0, pUIOMY (

0<n; <o, 0<6;<m, 0<@<2m) BaeeMo MO3HAYEHHS:

chn; =q;, shn, =q_j, cosb; = p;,sinf; = p_j, chn;y =0;q, shn;o = q_Jo Ha rpannuniii moepxHi cdepoina

(N =Mjo = CONSst ) BUKOHYIOTBCS PiBHOCTI

0o = 8,050 = 83050, A18100 = Ap8, 050 = A58 050,
[TosHaunMo TeMmmepaTypy, NpYXHi XapaKTepI/ICTI/IKI/I Koe(ilieHTH JHIHHOTO PO3LIMPEHHS i

TEILIONPOBIAHOCT] TPAaHCBEPCATBHO-I30TPOIHOTO cepeoBuma T °, Cij» 0,0, A, Ay 5 @ wepes T, 0,0, A", ]

BIJTIOBiAHI XapaKTEePUCTUKN BKIIFOUCHHS. J{JIsI ieabHOTO TEIUIOBOTO KOHTAKTY T°=T". ITpu nii Temneparypu
0 . .
T" B cepenoBuIi BUHUKAIOTH MEPEMILIIEHHS

U°=T%.x, V°=T°,y, W°=T’,z, (4)
ne d, = Ci3(20C;5 +04C33) —AC4(Cyy +Cyp) Ld, = 20C;5(Cyy +Cpp) —(Cyy +Cp)(20C,5 + 0y 33)
273 —Cy(Cyy +Cp,) 275 —Cy5 (3 +C)

st ieaTbHOrO KOHTAKTY MAeMO IPaHMYHI YMOBH Ha IOBEPXHi (1]; =M, ):
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[IpumycTumMo, 1110 NepeMillieHHs Yy BKIIOUEHHI MalOTh TEX JIHIHUN XapakTep
=AT'x, V'=AT'y, W=CT,z, (6)

e Ai, C1 — IIOKH IO HEBIIOMI BEITUYHNHH.

BpaxoByroun popmyinu (4-6), oTpuMaeMo NepeMilieHHs Ha MOBEPXHi cepoia IpH J01aTKOBOMY
HanpyxeHomy crasi [1; 2; 7; 8]:

Uq =—(A _dl)T'ajquPl(l)(pj)COS(p ;

Vq :_(Ai_dl)T,ajqjopl(l)(pj)Sin(P; (7

W, =(C,—-d,)T'4,8;q;,R (p;).

Y BKIIIOUEHHI JOAATKOBHI HANPYKEHHUI CTaH OMHUCYETHCS MePEMIICHHIMA
(@)} _
U, =22 B (p,)QY (ia;)cos ¢ ;
4a,

V, = a” RO (p,)Q(ig,)sin g; ®)

J

K, _ .
Wi =— ﬂP(p)Ql(lq)‘” j=12, i*=-1

HeBinoMi BeTMYUHU ai(é) (J =1, 2) 3naxoaumo 3i cucremu piBasiab [3-5; 11]:

2
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':l
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k
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AHaNITHYHI PO3paxyHKH Jal0Th KOMIIOHEHTH HAMPY>KEHb Y CEPEIOBHUINI OIS BKIIFOUEHHS, Y3/I0BXK OCi Z

(Gj—O):
6, =0, = lk Q(q) (J),
X y “ 0 CI 252

a) — q. k.
Z_z(Qo(q) qé][ V_J__Cls} (10)

Amajioriuno Hanpyxenns 3ok oci X (0, =90°, ¢@=0):

ai(J)
G, —0O, :_(011 12)2 2
j=12 Jq qJ

(1) 1 —
C,+0, = 220 (Cll—i-clz 2c,, J[q:—Qo(lqj)], (11)
Vi j
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j=12

YncnoBi po3paxyHKH 3poOJIeHi Al MaTepialliB 3 TAKMMH IPYXHUMH 1 TEINIOBUMH XapaKTEePUCTUKAMH [3;
12-14]:
TPaHCBEPCAIBHO-130TPOIIHE CEPEJOBHILE
c,=597;c,=2,62;c,=2,17;c,, =6,17;1 =61,06; A, =80,84;, 0. = 5,0; 0, =3,5;
TpaHCBEPCAIIbHO-130TPOITHE BKJIIOUYEHHS

¢/, =12,1;c), =4,81;¢}, = 4,42; ¢}, =5,13;\' = 66,96; 1, = 78,00 = 27,0; a1, =34 .
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XapakTep KOHICHTpAIil HOpMaJIbHAX, MEPUIIATBFHHUX i KPYTOBHX HAIPYKEHb Y3/I0BXK OCi X MOKHA
nobauuTh Ha puc.l. Ha puc. 2 300pakeHO pO3MOALI HAPYKESHb Y30BXK 0Ci Z.

&:\._

3 1.6 1.9

Puc. 1. Xapakrep KOHIIEHTpAITii

HOpMAaJTbHIX, MEPHIIAIEHUX 1 KPYTOBHX

Harnpy>XeHb y310BXK oci X.

Fig. 1. Character of the concentration of
normal, meridional and circular stresses

along the X axis.

BucHoBkmn. IIpoBeneni JTOCITPKEHHST
CBiAYaTh Hpo Te, L0 IpU PIBHOMIPHOMY Harpisi
cepenoBuIa T’=cz Halpy)XCHHS Ha IOBEPXHI

2 2 2
X"+ z
a b
MaloTh JIOKAJIBbHUHA XapaKTep SK y370BX oci X, Tak i
B3JI0BX oci Z. KoHLeHTpallis HampyXeHb IMIBUAKO
3raca€ TpW BiIJalieHHI BiJl TOBEPXHI BKIIOYCHHS,
MPSIMYIOYH IO HyJIb0BOTO 3HaueHHs [1; 2; 9; 10].
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